We construct a bi-linear form on the periods of Calabi-Yau spaces. These are used to obtain the prepotentials around conifold singularities in type-II strings compactified on Calabi-Yau space. The explicit construction of the bi-linear forms is achieved for the onemoduli models as well as two moduli models with K3-fibrations where the enhanced gauge symmetry is known to be observed at conifold locus. We also show how these bi-linear forms are related with the existence of flat coordinates. We list the resulting prepotentials in two moduli models around the conifold locus, which contains α ′ corrections of 4-D N=2 SUSY SU(2) Yang-Mills theory as the stringy effect.
Introduction
In recent years there have been much progress about non-perturbative aspect in superstring theories. One of the non-trivial aspects of the superstring compactification is that the type-II stings with Calabi-Yau compactifications are connected by conifold transitions [1, 2] .
Physically these are interpreted as the transitions through black hole condensation [3, 4, 5, 6 ].
Later, it was shown that some of these transition can be understand as ordinary higgs transition. These are discovered as a consequence of heterotic-type-II duality [7] where K3 fibered Calabi-Yau manifolds are shown to be a potential candidate for the dual of heterotic string compactification on K3 × T 2 [8, 9, 10] . There has been many non-trivial check of this duality at one-loop order in refs. [11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . The nonperturbative check has been given by showing the relation to Seiberg-Witten theory [21, 22, 23, 24] . Afterward, the generic strategy to read off the gauge groups from toric diagrams has been discussed [25] .
As a practical analysis of the prepotential of the models, several methods has been studied in large moduli limit where we can argue them from mirror conjecture originated in ref. [26] .
Convincing the mirror hypothesis with a consideration of monodromies, a systematic analysis has been established [27, 28, 29, 30] . On the other hand as for the prepotentials around conifold locus, there seems to be no systematic approach for the evaluation. However, in the case of enhanced gauge symmetry, an analysis has been given in ref. [21] where they solve the solutions of Picard-Fuchs equation around the points of enhanced gauge symmetries and the basis are chosen in such a way that the basis recovers the one in Seiberg-Witten basis in the limit α ′ → 0. In other words, the duality conjecture can be employed for the determination of prepotentials around the conifold locus, just like mirror conjecture have been in large moduli limit. As for the solutions of Picard-Fuchs equation, it is known that these are solved in the form of hypergeometric functions [31, 32, 29, 30] in the large moduli region. However, these preferable characterization seems to be lost around conifold locus although it may persists in some special cases [33, 34] . Off course, it is not an essential problem of the system whether solutions can be solved in compact expression. The main problem of the approach is how to determine periods from the solutions of Picard-Fuchs equation. The usual approach for this is the consideration of monodoromy [26, 27, 28] . However, the analysis for the generic situations, we may need the consideration of monodromies or the analytic continuation from the large moduli limit, which is expected to be more difficult when we have many moduli parameters. Therefore, it is favorable to have a new tool to determine periods at various region of moduli parameters.
In this article, we will construct bi-linear symplectic form on the solution space of PicardFuchs equations. Namely, we are going to consider a symplectic map from the solutions of the equations to c-numbers. Because it is manifestly invariant under monodromy transformations, we can determine the candidates of the periods up to the overall normalization which may also be determined by a simple consideration of monodromy. These bi-linear form will turn out to be related to the existence of flat coordinates, which will be explicitly demonstrated for one and two moduli models. In two moduli models which are shown to have enhanced gauge symmetries, we will show that the choice of periods determined by duality are consistent with the analysis of bi-linear form of the models which implies the integrability of the prepotentials. We will also list the explicit form of the prepotential around the point of the enhanced gauge symmetries from which we may argue how the stringy correcti! ons enter for SU(2) Seiberg-Witten theories [35] .
This article will be organized as follows.
In section 2, we will show how to obtain symplectic form on the solution space of PicardFuchs equation by using the example of 1−moduli models and the 2−moduli models of K3 fibered Calabi-Yau three-fold. In section 3, we will demonstrate that the existence of flat coordinates are related directly to the symplectic form in one and two moduli models. In section 4, we will consistently specify the dual pair of fields around the conifold point in one and two moduli models by using bi-linear form. We will also list the prepotential around the point of enhanced gauge symmetries in two moduli models. Last section is devoted to the conclusion and some discussion.
2 Intersection form on the solution space of the Picard-
Fuchs equations
In this section, we investigate how to determine the symplectic form of the solution space of the Picard-Fuchs equations associated to type II string theory. The construction of the symplectic basis defined in Gauss-Manin system is apparent for integrability and invariance of monodromy transformation. Thus we discuss first in this system though this system is equivalent to the Picard-Fuchs system.
Consider mirror manifoldM of Calabi-Yau 3-fold M. Canonical homology basis of
are given by
The period integral f i (µ a ) is defined by
where Ω is a holomorphic 3-form, γ i is a homology cycle in H 3 (M , Z) and µ a (a = 1, · · · , h 2,1 )
are moduli parameters of complex structure deformation. Now consider Gauss-Manin system [36] ;
where
matrix. This system reduces to the Picard-Fuchs system satisfied by f i . Associated to GaussManin system, we define the symplectic form C ij , as
where second condition insures anti-symmetric form C ij = −C ji . On requiring C ij to be independent from moduli parameter, we have to solve the equation
Once we find A, we get the intersection form C ij which defines moduli-independent norm on solution space. Under these conditions, it is easy to check the integrability of this system by using (2.1) and (2.3) . Furthermore this form is manifestly invariant under monodromy transformation. Therefore the intersection form have the information enough to construct the period vector canonically. Namely, if we label 
In this article, we intend to calculate prepotential of type II string theory by fixing period vectors from the Picard-Fuchs equation directly. So let us to discuss how to do this in the Picard-Fuchs system. In order to clarify the symplectic structure on Picard-Fuchs equations, we will use the following notation on the space of differential operators. Introducing bi-linear
where B, D are any differential operators with respect to moduli parameters µ a , we will write the symplectic form in the form.
where A (k,k ′ ) are functions of µ a and D (k) are the k-th order differential operators. In order to obtain C ij we have to find the combination of operator
in such a way that we have . This is an alternative way to find C ij in the Picard-Fuchs system. Off course there is no guarantee that we will be able to have simple solutions for the coefficients A (k,k ′ ) . However, as an explicit evaluations of the solutions for a few moduli models, we will obtain rather simple form of the symplectic forms, which will be considered in the next section.
1−moduli models
Before turning to the main subject of this article, we are going to perform how to obtain C ij with the models of Calabi-Yau three-fold constructed from the hypersurfaces in the toric varieties and Grassmannian with 1−moduli as the basic examples.
For the models constructed by hypersurfaces in toric variety [31] , Picard-Fuchs equation in the large complex structure limit can be written as
, x is a variable made of the moduli of these manifolds being x ∼ 0 in this region, and λ i (i = 1, 2) is a rational number associated to each manifold [37, 38] . For example, the famous quintic model P 4 [5] corresponds to a model with λ 1 = Since the Picard-Fuchs equation is of forth order, we propose the intersection form C up to third order of θ x in the form:
where coefficients A i (i = 1, · · · 4) are some functions of x to be determined. We impose the condition θ x C = 0, (2.14) in the ring D = 0, so that the intersection of the solution space < f 1 , f 2 >= C(f 1 , f 2 ) is a constant for any pair of solutions of Picard-Fuchs equation. Applying θ x to (2.9) and using (2.7) to descend the order of θ 4 x , we derive equations which have to be obeyed by A i . The solution of the equations turns out to be very simple. We find the bilinear form is given by
(2.15)
It seems interesting that the Wronskian of the Picard-Fuchs equation can be obtained by
x . In other words, C can be understood as a square root of Wronskian.
Let us see how this works when we construct the basis. In large moduli limit x ∼ 0, a power solution of the Picard-Fuchs equation (2.6) can be written as
where (a) n = Γ(a + n)/Γ(a). Other three solutions, W 1 , W 2 , W 3 , can be given by Frobenius method; define the operator D ρ i applying to generic power solution
other three solutions can be written by
In the leading order, these solution symplectic form can be written as
Substituting these solutions directly to C in various combination, it is easy to see that only C(W 0 , W 3 ) and C(W 1 , W 2 ) are not zero, and all other combination vanish in the lowest order. Even including higher order terms, the intersection of these solutions are not changed.
Therefore it is natural to conclude that the symplectic bases taken by these solutions are
where we impose the asymptotic behavior of t = z 1 /z 0 is t ∼ log x/(2πi). This means that if we fix the component of α cycle, the intersection form selects proper β cycle automatically.
The intersection form by itself determines only whether the intersection of two solutions is zero or not, and this does not fix the normalization for the symplectic basis. In order to fix the normalization, we just need the classical yukawa coupling. Then, the prepotential is given by definition as 21) and inverting t as x = x(t), and substituting this to F , the prepotential in this region is written as the function of t, which is equivalent to the result of [29, 30, 39] .
In this way, the normalized bi-linear form can be obtained in the form; 22) where κ 0 is the classical yukawa coupling and κ 0 = 16 sin 2 λ 1 π sin 2 λ 2 π for simple series of models [37, 38] . This normalized form can be considered as the intersection form on periods.
Next we extend the discussion to models constructed from the hypersurfaces in the Grassmannian considered recently in refs. [40] . A fundamental period in the large moduli limit can be obtained as diagonal degeneration of the periods of complete intersection of projective space [40] . For the examples of one moduli models listed in ref. [40] , Picard-Fuchs operator of order 4 can be written in the following form as
where a i , α i , β i are rational number associated to each case, and this reduces to the toric variety with r = 1 complete intersection with a 1 = 1,
Along the same line in the case of toric variety, we can give the bi-linear form
It is straightforward to specify periods even in these models.
2−parameter models with K3-fibration
In this subsection we deal with a series of 2−moduli models of type II string theory compactified on Calabi-Yau three-fold constructed by K3 fibrations. This series consist of four models [8] [4, 4, 4] . In these series, moduli parameters ψ and φ are combined to x and y as
where λ is
respectively [34] . Their Picard-Fuchs equations can be given by following set of operators 27) or equivalently, 
However one of these are not independent and we eliminate 1 ∧ θ 2 y by using (2.18) . Similarly in third order there are ten possibility, however, four terms which contain θ Therefore in the third order we have five independent operator. Since the Picard-Fuchs operators are at most of order three in this series, we expect the intersection form close up to third order to be
In order to determine coefficients A i (i = 1, · · · 10), we impose following conditions
in the ring of differential operators
These will results in the first order differential equations for the coefficients. Although the equations seems to be messy, due to these relations, we can solve A i in a simple form to
where ∆ = (1 − x) 2 − yx 2 is the discriminunt of the theory.
Let us see how above bi-linear form recovers canonical symplectic base which have been obtained previously. In the region x ∼ 0, y ∼ 0, power solution can be given by 33) and other five solution are obtained by using Frobenius methods as before. As long as considering whether the intersection is zero or not, the normalization of the solution does not matter. Thus from the incidial equation we take logarithmic solutions as
Furthermore, it is enough to calculate in the leading order when we construct the basis of period vectors. All solutions in the leading order can be written
37)
Also we can write the intersection form effectively in the leading order in the following form
Each constant can be calculated directly as
and the other combinations vanish. Assuming that
, we conclude to take following combination as the symplectic base,
Thus we can recover the result obtained in refs. [27, 29, 30] . In the connection to the normalization, the prepotential and Yukawa coupling of this series of models can be given by
44)
All solutions are written with the normalization of the convention of [29] by using Yukawa coupling in appendix B. However, as was mentioned, we now concentrate on deriving the prepotential in one region, it is not necessary to fix the over all constant of the intersection form. All we need is the combination of the solution with non-zero intersection, and the relative normalization of Yukawa coupling of the tree level part of the prepotential, and also proper asymptotic behavior of α cycle.
Flat coordinate condition and bi-linear intersection form
This section is motivated by the observation in terms of the flat coordinate given in refs. [41, 42] . In string theory, you can calculate exact Yukawa coupling constant including instanton effect in the large radius limit due to the mirror symmetry [26, 29, 30] . Along this calculation, flat coordinates are regarded as the special affine coordinates made of α cycles [43] ; these are used to fix the combination of solution of Picard-Fuchs equation, so as to establish the property of maximal unipotent monodromy [26, 29, 30] . Recently interesting connection between periods and flat coordinate are worked out in [41, 42] . In these analysis, mirror symmetry can be represented as isomorphic pair of quantum cohomology ring of different manifold. By changing the basis of Jacobian ring, Gauss-Manin system can be written to a form with flat connection in terms of special coordinates; flat coordinates. Consequently the specification of the periods from these conditions completely match the results with regard to the maximal unipotency of monodromy [26, 29] . Since this monodromy property insures symplectic structure of periods, above analysis have to do with our procedure of specification of periods based on bi-linear form in the large radius limit. Our aim in this section is to
show that bi-linear form we have constructed are directly related to the condition of flat coordinates.
1−moduli models
In this subsection we consider Gauss-Manin system of the Calabi-Yau space constructed from toric variety of 1−moduli models discussed in Sect. 2.1. Following refs. [41, 42] , we consider a set of first order differential equations:
where w is a vector which consists of period integrals. We prefer to use θ x rather ∂ ∂x to have to do with the result of last section, and choose basis to take w
x f i ) and f i is given by (2.2) in the case of 1−moduli models. The Picard-Fuchs operator can be rewritten in the ring D = 0 by making use of (2.12) as
In order for the Gauss-Manin system (3.1) to reduce the Picard-Fuchs equation (2.12), we take the matrix G as
Let us introduce the flat coordinates t = t(x) and new periods v(t), to rewrite the GaussManin system for v. Flat coordinate conditions can be represented as couplings of new basis
given by degree preserving transformation of deformed Jacobian ring, which is reduced to the Gauss-Manin system for v in the following form:
where K ttt (t) is Yukawa coupling in this coordinate. New period v is related to original one 6) and it is known that transfer matrix M(x) can be taken as a lower-triangle matrix
By substituting (3.5) to (3.1) and rewriting to the Gauss-Manin system for v, we derive the condition to determine the transfer matrix M,
From the analysis about conditions A i1 = 0 (i = 1, · · · , 4), r 11 must be the solution of the Picard-Fuchs equation, so we set r 11 = g. Also after some algebra, we see that once we know concrete form of r 44 , every r ij and Yukawa coupling K ttt can be represented by using θ x t and r 11 . To accomplish this, using components A 23 , A 33 , A 34 , A 44 we derive the differential equation satisfied by r 44 , so that we can determine the form of r 44 :
Thus substituting this to all components but A 43 , we obtain the complete form of the transfer matrix M.
Now let us show how flat coordinate condition relate to the bi-linear intersection form.
The only component which have not been used to obtain r ij is A 43 = 0, or
As was claimed in ref. [42] , the role of this condition is to determine the flat coordinate t(x).
Here we assume t = f /g, where f is a solution of the Picard-Fuchs equation. Although t is not necessary a ratio of periods, this assumption will make clear the relation between choice of the flat coordinate and specification of periods. Indeed, the condition A 43 = 0 can be rewritten as the bi-linear intersection form for f and g itself! C(g, f ) = 0. (3.11) This means that in the 1−moduli models, to search for the flat coordinate under the above assumption is equivalent to determine the periods as a combination of the solutions of the Picard-Fuchs equation. Thus in the case of analyzing mirror symmetry, we may always take the flat coordinate in the large radius limit as the ratio of independent α cycles. The bi-linear intersection form is a key to explain this consequence explicitly.
In the 2−moduli models, the situation become slightly different from above in that the flat coordinate condition does not necessary coincide the condition of vanishing intersection of each period, as we will see in the next subsection.
2−moduli models
In this subsection we investigate how the flat coordinate condition relate to the bi-linear intersection form in 2−moduli models discussed in Sect.2.2.
Hereafter we set the basis of the ring D 1 = D 2 = 0 in 2−moduli models of (2.26) and
x θ y }. In this case, the GaussManin system which recovers (2.26) and (2.27) can be written by 12) where
, and G and M are given by 
here we denote a i etc. as coefficients for following operators in the ring
14) 15) and all coefficients a i , a
) are immediately derived from the ring D 1 = D 2 = 0 after some algebra, though we shall not list them here. By introducing flat coordinates t = t(x, y), s = s(x, y), and new period v relating to original one w as
we intend to rewrite the Gauss-Manin system for v in the following form: 17) where, as the reduction of the flat coordinate condition of of new basis of deformed Jacobian ring [42] , matrix R t and R s are given by 
In 2−moduli models, it is known that M needs non-vanishing components additionally to be a lower-triangle form as 
By substituting (3.15) to (3.11) and comparing to (3.16), the condition to determine M(x, y)
is derived:
After some algebra, we see immediately r 11 must be the solution of the Picard-Fuchs equation (2.26) and (2.27), so we set r 11 = g as before. Also we see that, as was pointed out in the ref. [42] , some components coincide as
In order to know all r ij , we must obtain r 66 . To do this we concentrate on two conditions, 
+ θ x tθ y t 3θ x + a 6 θ y + 3
By solving this equation, we obtain r 66 : These should be used to determine the flat coordinates t(x, y), s(x, y). How many conditions are independent among them? As a matter of fact, careful calculations reveal that four components A 44 , A 54 , B 44 , B 54 mean same condition up to factor:
Furthermore, after complicated manipulations, it turns out that rest components A 64 and B 64 are represented by using derivative and multiples of Q as
27) 
where f 1 , f 2 and g are independent solutions to each other. Under this assumption, resulting expression of (3.26) will be completely anti-symmetric in terms of g, f 1 , f 2 , and the condition (3.26) can be rewritten by using the bi-linear intersection form (2.32) as In this subsection we turn to evaluate the value of symplectic form around the conifold point x = 1 in one moduli models. Changing the variable of (2.6) as y = 1 − x and analyzing the incidial equation, we put four solutions around the conifold Y i (i = 0, 1, 2, 3) can be given in lowest order as
In this region, these solutions are obtained iteratively. For maximal simplicity we set β = 0. The normalization of the periods can be fixed by the behavior around conifold locus [3, 4, 6] :
Therefore, we can calculate the prepotential around conifold point once we can specify the periods of α cycle. This procedure will be described in detail in rather non-trivial example with 2−moduli models in the following subsection.
prepotential around the conifold locus of 2−moduli model
In this section, we determine the period vector to give the exact prepotential of a series of 2−moduli models around the conifold point. Conifold transition of the models are discussed in Ref. [44] and the enhanced gauge symmetries has been established in Refs. [21, 22] .
First of all, we have to obtain the solution of the Picard-Fuchs equation around the conifold point. On Calabi-Yau three-fold obtained by K3 fibrations with 2-moduli, three kinds of the power solution around the conifold point can be given in a systematic way [34] :
The other logarithmic solutions can be represented formally by barnes-type representations including well-poised series of type 4 F 3 [34] . However we could not find any good formula for the explicit evaluation of the representation.
Fortunately, one solution Y 4 which is dual of Y 1 , is given by ordinary manner as
In order to get remaining two solutions dual to Y 1 and Y 3 , which contain log(x 1 x 2 2 ) terms, we have to solve the equation for the coefficient iteratively by setting the solutions in the form:
From the point of view of heterotic-type II string duality, an enhancement of SU(2) gauge symmetry occurs at the conifold point x = 1 so that, with suitable redefinition of the field and taking particle limit and decoupling gravity, the prepotential reduces to SU(2) SeibergWitten prepotential. Let us denote new coordinate of moduli as S = t 2 = W 2 /W 0 , T = t 1 = W 1 /W 0 where S is heterotic dilaton, and near y = 0, x = 1, S and T behave as
Around SU(2) enhancement point T = i/(2 sin λπ), we introduce new coordinateT as
where such transformation is performed explicitly in appendix C. This choice is just a generalization of the observation made in ref. [21] . Using these coordinates, prepotential around the conifold point can be written as
Putting fields asT
14) 15) and taking particle limit α ′ → 0, we can fix the period vectors (1, S,T , 2F − S∂ S F − T ∂T F, ∂ S F, ∂T F ) completely by asymptotic form in the leading order, which satisfy the above constraint;
where F SW is a prepotential of Seiberg-Witten theory in the weak coupling region. The specification of dual pair of fields in these models has been given in ref. [21] . What we are going to show here is that the choice is consistent of the integrability of prepotentials by using the symplectic form constructed in the previous section. In terms of Y i , this choice of basis can be written in the lowest order as
Next let us calculate higher order terms beyond the Seiberg-Witten prepotential. Going to the higher order, there are some ambiguity since this system include several kinds of integer power solutions; for example, we can add Y 2 to Y 0 without changing leading behavior in this limit. That is, the combination of these solutions can not determined by asymptotic behavior itself around the conifold point. This ambiguity is usually killed by the integrability of the prepotential. Without carrying out tedious long calculation of this type we instead use the intersection form, since it is insured to be integrable by using the intersection form.
As was the case with 1−moduli, it is enough to consider solutions up to first few orders to calculate the intersection, because this is not changed if the order of calculation become higher. Using the intersection form (2.25) and changing the variable to x 1 , x 2 , we can give the intersection form which does not vanish as 19) even including higher order terms. From this form, we can deduce the combination of period vectors, however there are some ambiguity of linear combination of the solutions which does not change value of intersection form. Now assuming proper asymptotic behaviors of α cyclẽ z 0 ∼ 1,z 1 ∼ 0,z 2 ∼ log y, we fix this ambiguity in the basis.. There still remains an ambiguities, such as adding
The replacement is also consistent with the low energy behavior. From the global consistency of moduli space as before, β may be set to be zero. However we have not been able to fix the value at this moment.
Thus we conclude the symplectic base around the conifold point to bẽ
Using the definition of moduli asT ∼ z Seiberg-Witten theory [35] in the lowest order [21] , the prepotential of the theory is written
where higher order terms are listed in the appendix B.
The degree of freedom of addingF 2 to z 2 is reflected toT 4 term in the prepotential. On the contrary, the coefficient of the termT 2n (n ≥ 3) does not contain β. This imply that if S independent terms of F excepting logarithmic term is denoted as h(T ), which corresponds to the perturbative part, ∂ T 5 h(T ) becomes true modular form. This is consistent with the result of the heterotic perturbation theory.
Conclusion
We have shown how to get the prepotential around the conifold point in type-II string theory compactified on various types of Calabi-Yau three fold up to 2−moduli. We have introduced the intersection form which determine the symplectic form of period vectors of the solution of Picard-Fuchs equation. In 2−moduli model, it is easy to give the the exact prepotential around the conifold point by using fixed periods, which is represented as the correction of the stringy effect from the Seiberg-Witten theory. Unfortunately we could not fix a parameter in prepotential around conifold locus even by using both duality conjecture and bi-linear forms. We may need full knowledge of analytic continuation, or direct instanton calculation on the heterotic side.
Apart from the analysis of Calabi-Yau threefolds, we can obtain the bi-linear forms on
Calabi-Yau d-folds [45] . As a quick analysis of one moduli models [46, 47] , we find that even dimensional Calabi-Yau has symmetric forms contrary to the symplectic form in odd dimensions. These are consistent from the fact that intersection form of d-dimensional hypersurfaces are symmetric in even dimensions.
The treatment discussed in this article can be extended similarly to the other string theories, whose gauge symmetry enhanced at conifold locus are known, such as 3-moduli models. Anyway the non-perturbative prepotential which is given by means of bi-linear forms around the conifold locus are not directly verified at the moment, since we do not know the formulation of direct calculation for the non-perturbative effect in the heterotic string theory. We hope that some technique of the heterotic sting theory will be improved to estimate the justification of such macroscopic calculations some day.
A Normalization of periods in two-moduli models
In large complex structure limit, the prepotential and Yukawa coupling of a series of models we considering can be given by 
With this normalization prescription, if we set the normalization of the intersection form
If we useC around the conifold point to evaluate the intersection with taking the normalization of the solution as
Notice that if we set heterotic dilaton as S = t 2 = (1/2πi) log y + · · ·, which is equivalent 
B Prepotential around the point of enhanced gauge symmetries in two-moduli models
The prepotential around SU(2) enhancement point is given by We give here non-perturbative part up to 5-th order from perturbative part. Non-
C Analytic properties of periods in K3 and torus
In this appendix, let us discuss in detail about the analytic properties of solutions. A part of this appendix will overlap with some results given recently in ref. [48] . As was discussed before, the difficulty of the analysis around the conifold point is the luck of the knowledge of the analytic continuation. However for the sake of K3 fibration, we may be able to continue three of six solutions which become power function around the conifold point. To see this, let us see the solution with no logarithmic term of y around large radius in the limit y → 0.
These functions are generalized hypergeometric function 3 F 2 :
Some formula for the hypergeometric function make us possible to continue to the conifold point. First of all, we rewrite the solution as the product of two hypergeometric function [49, 51, 46] 3 F 2 (λ,
Next we are going to use the usual analytic continuation formula . However at this stage, naive continuation gives wrong result because this process exceed the branch. To implement this, we use quadratic transformation to rewrite the argument
The formula of the analytic continuation of this type is well known. Therefore it is capable to continue 3 F 2 function by using the representation of the product of two hypergeometric
Similarly we can rewrite (D.18) as
Now we continue these solution to the conifold point. Define 19) and using the analytic continuation formula
results of the analytic continuation can be written in the form
The moduli parameter which is defined as the ratio of the two period is transformed as follows,
where near the conifold point, g 1 ∼ 1 and g 2 ∼ 0. This result is interpreted to the location of the gauge enhancement point in the moduli space
which is the fixed point of the discrete subgroup of SL(2, Z) of each model, especially if
, this point is a fixed point of the transformation
Converting (3, 30) to the expression for g 1 and g 2 27) we see that the ratio g 2 /g 1 =T is to be taken as the moduli around the conifold point, which is just the redefinition of the field around the enhanced point of gauge symmetry.
Though it is difficult to handle the analytic continuation of the solution with log y, without carrying out this, we are able to write down the symplectic transformation from the period in the large moduli limit to the one around the conifold point, by imposing this transformation must be symplectic. As is expected from the transformation law of T , this transformation does not reduce to Sp(6; Z) from Sp(6; C) in general. In the case with λ = 1/6, if weak coupling behavior of heterotic dilaton is set to be S = 1/(4πi) log y + · · · rather than the prescription in appendix A, and moduli T is set to absorb the factor i as T ′ = iT , this transformation can reduce to Sp(6; Z).
As was pointed out in ref. [8] , in the limit y → 0 K3 moduli τ reduces to the moduli of a kind of torus, which is represented by τ = i 2 sin λπ 2 F 1 (λ, 1 − λ; 1; 1 − z) 2 F 1 (λ, 1 − λ; 1; z) , (C.28)
where z = however because of the factor 1/2 sin λπ, the relation between z 1 λ and z e is complicated. The relation to the absolute invariants are given in refs. [50, 8, 51] . We will give the relation by using various transformation of hypergeometric functions given in refs. [49, 52] . These identities has been used in the case of Seiberg-Witten theory [53] .
• λ = where J is the absolute invariant [49] .
• λ =
D Intersection form in K3 manifold
In this appendix, we discuss briefly the possibility for applying our method by means of bi-linear form to different dimensional Calabi-Yau manifold. It is easy to expect that notion of symplectic intersection form directly acting on the solution space of the Picard-Fuchs equation, can be extended to arbitrary odd dimensional Calabi-Yau manifold. Now we concentrate on the even dimensional case. In this case homology of the manifold consist of 2n-dimensional hypersurfaces, and its dual basis of cohomology are of 2n-form. Therefore the interchange of these element appears to be symmetric. Taking Immediately we can show that this bi-linear form can recover the previous result obtained in ref. [46] in the large radius limit. As a consequence, in the case of K3 space, method by means of bi-linear form can be used for specifying the period from the solution of PicardFuchs equation.
Since it is easy to see that we can extend above analysis to the case of higher even dimension, we conclude that the notion of bi-linear form can be employed in arbitrary even dimensional Calabi-Yau manifold, by introducing anti-commuting operator due to the symmetric nature of even dimensional homology cycle.
